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Prop . Let IX
, M) be a measure space and (a), f m-measurable. If fat et then facef

Proof. Fix & >D .
We need to dow at Elf ,

f) = M(A2(f) -> 0.

By Chebyschev's inequality
, M(Ay(fu /

f) = M/\xeX : (fn(x)-f(x)12-23) =* Iffl,
- O as> &.

Prop(almost Hansdorffen). If In that and fa-zg
,

then feg a .
e.

Proof
.

Let Alf
, g) := 9xeX : FEyb and note that xing any GnYO ,

we have

Alt
,
s) = Vant, g),

UEIN

so it is enough to show Not Ag,s) is wall for each 230. But

Ja(f , 3) = Exelf , fu) + E ,g) -> O as- &.

Def
.

Call a sequence (a) Candy in measure if for each 30,

Elfr, fm) -> 0 as min (n
,
m) + &.

Poop .
(a) If fatef then (f) in Cauchy in measure.

(b) If (f) is Candy in measure and admits a subsequence the -ut,
Ken futaf.



Proof
.

HW.

We will show that the converse of part (at holds
,

so the convergence inmeasure

"uniformity" is complete.

Theorem
. let Iful be Camely in measure. Then there is a -necuable - such But

Intuf .

Moreover
, typ -fa .

e
,

for come subsequence.

Proof. Note that by part (6) above
,

we may restrict to subsequences.
Claim

.
We may assume WLOG that Ealfu ,

Fuel As by restrictingbo a

subsequence.
Proof. We recessively build asubsequence (a) sach Kat Grup , Tuna)2
ht n. = 0 and choose Na Nee such t 52-kGip ,

ful < 2- for all

m = Um
,

where such no existe by the Cauchy condition
.

Then the
sequence

Hua) is as desired.

We now show At for me
.

xEX
,

(nx)) is Cauchy las a sequence
of reals).

By Borel-Candelli
,

we have not for a
. e

.

xEX EN such let x BN :

Aar(tu ,
fues) .

But but for all neN
,

and man
,

we have

If(x) - fm(x))= i(x) -Fin))gi + 0 as n  d



By the completeness of IR
,

there is a function F : X-> IR st
.

fu(x) -> f(x)

for R .
C .
xEX

.
Herre o is ameasure being the ptwise limit of measurable

functions
.
It remainshe show let In teef .

Let &30 and let N be

large enough so that <2- 2-N .
The for all neN,

falfu,
A =-n

(f
,
A) = M(BN): 2 + 0 as Ne &

Cor
.
If tutef then fupf a

.

e
.

for come subsequence. In particular,
if futif then furt face. for love subsequence.

Proof
. By part (a)

,
Ifu) is Carchy in measure

,
so by the previous Here

fatug for some unmeasurable function such let fix to a
.

e.

for some subsequence. By almost Hausdorffen
,
f =

g a .
e.

↓ This is just the dual to Boel-Cantelli.

ExEN = -NFx trick
.

Let (X
, M) be a finite measure space .

Let PnIX be an increa-

sing sepence
ofmeasurable sets . For every Go,

ExtXJnEIN xEPn =S ZuFeX xePu
,

were V=
x necus not the statement is true for all xEX except for a set

of measure Id .

Boof
.

The hypothesis means ht X=Pu so by monotonicity of measure,

Pu has measure M(X)-d for all large enough neI
.

Hence for

such n , we have Not ExEX we have xeen
,

except for xeX1Pm.



Prop let (X
, M) be a finite measure space and (ful

,
f be -measurable functions.

If futfa
. e .

then th-uf.

Proof
. Discorching a wall not

,
we

may acccome fuct so for each 230,

ExeX5Nx
,
2 VueNx Ifnk)-f(x)/ad

. By the quantifier sungping trick,

we have let to each 10
,

there is N such What Alfiful has measures

25 for all neN
.

Thus
, &(f) -> O as wed . Heave futur.

Almost uniform convergence.

let X be a set and fa
,
F : X-> #

.
Recall But we say that (f) converges

uniformly to f
,

devotedIutut
,
if Ilta-flle -O as use

,
where

IIgllu :

=Sup Ig(x)

Egoror's theorem
.

Let I
,pl be a finite measure space

and fu
,

f : X-IR measurable

It fuefa .

e
.

When for each 50
, fulx , tefly for a measurable set

X =X with M(X(X) 5.

Proof
.

We haveA340 FxeX -N st
.
VuerN Ifu-f<2 .

let 20 D .

Then snapping the quadifiers ,
for each KEN

,
we get No

suh Ut for all XEXIX we have FuiNo Kefl > 34
,
where Xu

is a sub of recue -0 .2h+1
·

Let X
:=UX ,

so m(x)(X)=
Then VR -Na such let for all xeXLX

,
we have FuzN

,
(fa(x) -f(x)) < Ep.



Thus
,

V & &Np IIfuly-Fyll Er
,

so folx -u fly

Product measures

let IX
,
F) and (4

,
5) be measurable spaces . Recall N I * T denotes

the r-algebra generated by the "rectangles" ,
i

.

e
.

Sets of the form UXV
,

where

UEE and VEY
.

Theorem
.

For
any measure spaces

IX
, I

, M) and 14
,
5

,
2)

,
there is a measure

8 on (XXY
,
EQY) and Nat P(UXV) = M(r) · v(V) for each rectangle

RxV
,

Se
.
HEY and VEJ

.
If M and o are refinite

,
this measure is

unique and we denote it by MXU .

Proof
. Let A be the algebra generated by the rectangles and note that

each set is A is a finite disjoint unior of rectangles because (4xV) =

Uxr4U*xV4HxV ? To prove the beorem it's enough to show

that the formula P(UXV := M(U) · VI) defines a premeasure on A

and apply Caratheodory's Theorem. As usual
,

we need to show t

P on A is well-defined
,

i
. e. KixV= Pixvi) =

i

p (Wujx2) .
We also red to show No p is atbly additive

.
Both of this

j'k
would follow if we prove that UxV = LKuxVn= M(r) : ·(v) : ZMurN
We prove

this using MCT twice. Note Anx=Free and



luxv(x, g) = 1p() · Ir(y) so integratios over
Y

we get for each xeX :

MCT

↓ An ·Arkd(s) = )1nxv( ,3) Poly) = Stra , 2) dry to
I Y Y

In( . 0 (v) =und=*(v).

Now we integrate over X : M(u) · 0 (r) = /) . (AndM = Stup(r)dn =

Y X

= (ZAun · VIn)du) dr=O


